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Abstract. We provide an abstract variational existence and uniqueness re- 
sult for multi-valued, monotone, non-coercive stochastic evolution inclusions 
in Hilbert spaces with general additive and Wiener multiplicative noise. As 
examples we discuss certain singular diffusion equations such as the stochastic 
1-Laplacian evolution (total variation flow) in all space dimensions and the 
stochastic singular fast diffusion equation. In case of additive Wiener noise we 
prove the existence of a unique weak-* mean ergodic invariant measure. 



1. Introduction 

We consider the following evolution inclusion in a separable Hilbert space H 
dXt + A{t, Xt) dt 3 dgt, t > 0, 

Here A is a possibly multi- valued, singular, maximal monotone operator and 5 is a 
cadlag path in H. The meaning of the expression dgt will be specified below. 
In particular, we are interested in stochastic evolution inclusions of the type 

dXt + A{t, Xt) dt 3 dNt, t > 0, 

where {Nt}t>o is a cadlag, adapted if- valued stochastic process on a filtered prob- 
ability space (n, {=^t}t>0) IP) and in inclusions of the form 

dXt + A{t,Xt)dt3BtiXt)dWt, t>0, 

^^■^^ Xo = X, 
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where for some separable Hilbert space U , B : [0, T] x f2 x 5 L2 {U: H) takes values 
in the space of Hilbert-Schmidt operators from U to H and {Wt} is a cylindrical 
Wiener process. 

We prove the unique existence of solutions to (jl.ll) - (jl.3l) and the unique existence 
of a weak-* mean ergodic invariant measure for (|1.3p with Bt being constant. 

The standard variational approach to (S)PDE of type (|1.3p requires the drift 
operator A to be single-valued an to extend to a hemicontinuous, coercive operator 
A:V -^V*ioT some Gelfand triple V CH CV* (cf. |Par75yKE,79IPH 07IEEW07] ) . 
The reflexivity of V and V* is crucial for the construction of solutions. Therefore, 
the standard approach cannot be applied to many highly singular (S)PDE such as 
the total variation flow, the two phase Stefan problem, plasma diffusion and the 
curve shortening flow. In all of these examples the the space V degenerates in the 
sense that V or V* fail to be reflexive. While recently increasing interest has been 
paid to this kind of singular, possibly multi-valued SPDE (cf. e.g. |Ra^81i[Rag82[ 
[Ras96| IBR971IBDP05[|BI)PR09a[ICioll[IStell) ). the unique existence of solutions 
could only be shown for additive noise and under strong dimensional restrictions. 
The principal idea of most of these works is the concept of (stochastic) evolution 
variational inequalities (EVI), thus weakening the notion of solutions to (II. 3p . The 
approach via EVI has multiple drawbacks. First, it relies on the transformation 
of (|1.3p to a random PDE and hence is restricted to simple structures of noise, 
such as additive or linear multiplicative noise. Second, due to the weaker notion 
of solutions it is hard to prove uniqueness. In fact, so far uniqueness of EVI could 
only be proven in case of sufficiently regular additive noise. Third, the construction 
of solutions to EVI still requires a coercivity condition of the type 

(1.4) y,{A{u),u)y>c\\u\\'^. 

for some a > 1, c > 0, which leads to restrictions on the dimension or the coercivity 
exponent a. 

In order to remedy these obstacles, we introduce another Hilbert space S, em- 
bedded compactly and densely into H , such that 

S CV C H = H* CV* C S*. 

Subsequently, we will drop the intermediate space V and formulate the conditions 
of our hypotheses solely with respect to S. We assume that the drift A is maximal 
monotone and of at most linear growth in S* . We are able to replace the strong co- 
ercivity assumption (11.41) by weak dissipativity in S formulated in an approximative 
sense (cf. (A4) below). A similar condition has been used in IRWOSilLiulOj . The 
main idea in the construction of solutions is to use a vanishing viscosity approxima- 
tion and to apply standard results from the theory of multi-valued time-dependent 
evolution inclusions (cf. priP9 7. HP()0| ) for the approximating viscous equations. 

For additive noise, we choose a pathwise approach to construct the solutions, 
which encompasses general noise, as Levy noise and noise driven by fractional 
Brownian motion with arbitrary Hurst parameter, since no Ito formula is needed. 
Another advantage of a pathwise construction is that the existence of a stochastic 
flow and a random dynamical system (RDS) are immediate consequences. Thus, 
assuming that the noise {Nt} in (|1.2p has cadlag paths in 5", satisfies some spatial 
regularity and has strictly stationary increments we prove that there is an RDS as- 
sociated to (|1.2p . In case of additive Wiener noise this yields the Markov property 
for the associated semigroups {Pt}- Using stochastic calculus we prove that in case 
of multiplicative Wiener noise we can relax the spatial regularity assumptions on the 
noise while preserving the regularity of the solutions. For additive Wiener noise, we 
prove the existence and uniqueness of a weak-* mean ergodic measure using recent 
methods by Komorowski, Peszat and Szarek [KPSlOj . See also [ESvRlO] . 
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As examples we include certain singular diffusion equations such as the stochastic 
p-Laplacian evolution, p E [1,2) (including the total variation flow, i.e. p = I, where 
the equation becomes a multi- valued inclusion) in all space dimensions 

f dNt, 

(1.5) '^^*-^^^[l^^''''^^^^*]^*+|i?.(XOdm, 

Xq = X, 

generalizing the results of Barbu, Da Prato and Rockner |BDPR09a] , known to hold 
only in space dimensions d = 1,2 and for Wiener additive noise. In addition, we 
solve the open problem posed in [BDPROQa] of uniqueness of the invariant measure 
for (|1.5p . See |Liu09) for other results on equation (II. 5p . The p-Laplace equation 
appears in geometry, quasi-regular mappings, fluid dynamics and plasma physics, 
see |DB93[|Dfa85] . In |Lad67) . Ladyzenskaja suggests the p-Laplace evolution as a 
model of motion for non-Newtonian fluids. A typical 2-dimensional application can 
be found in image restoration (see jAVCM03 . AK06 ) . 

We also consider the stochastic singular fast diffusion equation for r £ [0,1) 
(again including the critical, multi- valued case r = 0): 

f dNt, 

(1.6, "• = ^[l^'l'"-'^'l'" + |i,,™<iH.-., 

Xq = X. 

This generalizes results given in |BDP10| where only additive case has been con- 
sidered. Moreover, we solve the open problem posed in [BDPlQj of uniqueness 
of the invariant measure for (jl.6l) . All equations are treated with general addi- 
tive cadlag-noise and multiplicative Wiener noise in all space dimensions. The 
fast diffusion equation is, for example, used as a model in plasma physics (usu- 
ally with more general nonlinearities) and self-organized criticality [BDPROQb] . 
See |BH8 0. Ros95. Vaz06 and the references therein for further physical applica- 
tions. Under dimensional restrictions, Liu and the second named author proved 
ergodicity and polynomial decay for equations (|1.5p . (jl.6l) . excluding the limit cases 
p = 1, r = 0, see [LTTT] . See also ;Liull,ESvRS10^. 

A further application of our general existence and uniqueness results, is the 
(l+l)-dim. stochastic curve shortening flow: 

djXtiO { dNt, 

(1.7) «'«'^TTfe(OF*nB.W)<ivi--.. 

X^ii) = xii), 

which has been studied by Es-Sarhir and von Renesse |ESvR10) (see also [ESvRSlO] ). 
We are able to generalize their result about unique existence to the case of general 
additive noise. 

We are also able to treat the so called stochastic diffusion equation of plasma for 
any space dimension: 

f dNt, 

(1.8) '^^^ - ^[1^(1^*1 + 1)^^^™^^+ I B.(X.)dM.. 
Xo = X, 

previously studied in an EVI setting in (H-l)-dimensions by Ciotir |Cioll| . See 
the references therein for the physical meaning of (|1.8p . 

More generally, we are studying existence and uniqueness, as well as ergodicity 
(for additive Wiener noise), for generalized $-Laplacian equations with Neumann 
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boundary conditions in a Riemannian manifold M of the type: 

(1.9) '""^ = div[e-^(|VX.|) sgn(VXO] + | ^^^^ . > 0, 

= a;, 

where iy9 : R — > IR is a monotone function ((/^(O) = 0) with subhnear growth and 
V G C^(M) is a scalar potential. Dirichlet boundary conditions on a bounded 
domain A C R'^, c? G N, are also treated. 

For general symmetric negative-definite Dirichlet operators L on abstract sepa- 
rable measure spaces {E, Si, fi) that satisfy a spectral gap condition, we consider 
the so called generalized fast-diffusion equation 

f dNt, 

(1.10) '^^*^^[^™'^^+|i..(X.).W^. 

Xq = X, 

where : R — > 2^^ is a monotone graph (0 G <yj(0)) with sublinear growth. 

Future applications to RDS and random attractors similar to 'GLRll'.' BGLRlil 
IGesll| as well as continuity results in the parameter p in (11.51) (r in (jl.6p resp.), 
similar to [CTllj . are in preparation. 

2. Deterministic case 

Let 77 be a separable Hilbert space with dual H* . Suppose that there is another 
Hilbert space S embedded densely and compactly into H. We thus have a Gelfand 
triple 

S CH CS* 

and it holds that 

g, {v, u)g = (w, u)h; whcuevcr u € S, v € H. 

Let is ■ S ^ S* denote the Riesz map of 5*. We note that the scalar product (■, ■)s 
defines a bilinear, S'-bounded, S'-coercive form on H. By the Lax-Milgram Theorem 
there is a linear, positive definite, self-adjoint operator T : D{T) C H ^ H with 
D(ri/2) = s and {T^/^u,T'^/^v)h = (u,w)s- We define J„ = {I + ^)-\ n G N, 
to be the resolvent associated to T and T„ — TJn = n{\ — J„) to be the Yosida 
approximation of T. Then 

{x, y)n ■■= {x, Tny)H, x,y e H, 

form a sequence of new inner products on H, the induced norms are all equiv- 
alent to ||-||^ and 

Vx G S* : ||a;||„ t lla^lls as n -j- oo. 
Let Hn := {H, (•,•)„). We get a sequence of new Gelfand triples 

5 C i7„ C S*. 

Moreover, 

Tn\s -S^S 

is continuous, the Riesz-map is '■ S S* is given by the extension of T to T : 5* -> 
S* and thus 

2 {is{x),T„ix))s = 2(x, T„x)s = (T'^^x, T^T^'^x)h > 0, Vx G S. 

Let g : [0, T] — S" be a cadlag function (for simplicity g(0) = 0). We consider the 
integral evolution inclusion 

ft 

9t, 



(2.1) Xtex- [ A{s,X,)ds- 

Jo 
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where A : [0,T] x S ^ 2^ is a multi-valued operator. We will construct solutions 
to this equation by first using the transformation Yt = Xt — gt which leads to the 
evolution inclusion 

r dYt + A{t, Yt + gt) dt3 0, t > 0, 

We will prove unique existence for p.2[) which leads to unique existence for (|2.ip 
by transforming back, i.e. by defining Xt :— Yt + gt- 

Let W^'^{0, T) be the Bochner-Sobolev space associated to the embedding S C H 
(cf. e.g. }Sho97[ §111.1]) and let D{[0,T]; H) be the space of all cadlag functions in 
H endowed topology of uniform convergence. A solution of (j2.2p is a function 
Y e W^i'2(0,T) such that 

jYt = -Ct, fora.e. iG [0,r], 
Yo^x and ( e L^{[0, T]; S*) such that (t e A{t, Yt + gt) for a.e. t e [0, T]. 

Definition 2.1. A solution of (|2.1I) is a cadlag function X £ D{[0,T]; H) such 
that 

Xt=x- / risds + gt, 
Jo 

for all t G [0,r] as an equation in S* , where rj G i^([0, T]; S**) such that r/t G 
A{t,Xt) for a.e. t G [0,T]. 

Definition 2.2. Let {E,£§,fj,) be a a-finite complete measure space and Y be a 
Polish space. A map F : E ^ 2^ with non-empty, closed values is called measurable 
if {F{-) no ^ 0} e ,^ for each open set O CY. 

Hypothesis 1. Suppose that A : [0, T] x S" — > 2"^ satisfies the following conditions: 
There is a constant C > such that 

(Al) For all t G [0, T], the map x i— >• A{t, x) is maximal monotone with nonempty 
values. 

(A2) Linear growth: For all x G S , for Lebesgue a.a. t £ [0,T], for all y G A(t,x): 

\\y\\s'<fit) + c\\x\\s, 

with some f G L'^{[0,T]). 
(A3) Weak dissipativity in S: For all x £ S, for Lebesgue a. a. t £ [0,T], for all 
y G A{t, x), and for all n G N.- 

2,,{y,T^{x))s>-l{t)-C\\x\\l, 

with some 7 G i"'"([0,T]). 
(A4) Measurability: The map t i~> A{t^x) is measurable w.r.t. the Lebesgue a- 
algebra for all x £ S. 

Note that (A4) can be dropped if A is independent of time. 

Hypothesis 2. g £ L^{[0,T]; D{T^/^)). 

Here, the operator {T^^^ , D{T^^^)) is defined in terms of the spectral theorem 
and the Hilbert space DiT^^^) is equipped with the graph norm. 

In order to construct solutions to (j2.2l) we will consider a viscosity approximation. 
Let e > and consider the perturbed problem 

(2.3) .^Y,'+eis{Yn^-A{t,Y:+gt), t > 0, 

Yq = X, 
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The unique existence of variational solutions to these approximating problems is 
proved in Proposition 16.11 below. Apphcation of the back transformation for the 
approximating equation yields 

(2.4) X^ex- f A{s, XI) - eisiXl - g,) ds + gt, t > 0. 

Jo 

Letting e — > we will prove the existence of solutions to (|2.2p . Transforming back 
we obtain 

Theorem 2.3. Assume Hypotheses]^ and\^ and let x £ S. Then (j2.ip has a unique 
solution in the sense of Definition\KT\ satisfying X £ L°°{[0,T]; S) with 

sup \\x! - XtWl + f \\xi -XtWldt-^o 

te[o,r] Jo 
and X is right continuous in S . 

Proof. Sec scction lB.l.ll □ 

By monotonicity of the drift we can extend the unique existence of solutions to 
all initial conditions x £ H at the dispense of allowing for limiting solutions in the 
sense 

Definition 2.4 (Limit solution). We say that a function X G D{[0,T]; H) is a limit 
solution to (j2.ip with starting point x G H , if Xq — x and for each approximation 
x^ £ S with x^ X in H the associated solution X^ converges to X in -D([0, T]; H). 

We obtain 

Theorem 2.5 (Extension to all initial conditions x G H). Suppose that Hypotheses 
[7] and\^hold and let x € H. Then there is a unique limit solution X. 

3. Stochastic evolution inclusions with additive noise 

Let (il, {J^t}t>o, IP) be a filtered probability space (not necessarily complete, 
nor right-continuous), N : [0, T] x — > S" be an {^t}t>o-adapted stochastic process 
with cadlag paths in S and iVo = 0. We define LP{^,^o]H) to be the space of 
all ^Q-measurable, i7-valucd random variables and let x G i°(ri, =^o; H). For each 
a; G 57 we consider the following integral equation in 5** 

(3.1) Xt(L^)Gx(w)- / A(s,Xs{uj))ds + Nt{uj). 

Jo 

Definition 3.1. An {^t}t£[o,T]- 'adapted stochastic process X : [0,T] x n H is 
a pathwise (limit) solution to p.ip with starting point x G L^{Q,, JFq; H) if for all 
uj £ fl: X(uj) is a (limit) solution for p.ip with g. = N.(uj). 

Setting gt :— Nt{uj) for fix G il, Theorem 12.31 and Theorem 12.51 vield the 
existence of a pathwise (limit) solution X as long as A satisfies Hypothesis [T] and 
N.{uj) satisfies Hypothesis [5] for each uj € V,. The {^t}tg[o^T]-adaptedness of X is 
proved in Section below. We obtain 

Theorem 3.2. Assume that A satisfies Hypothesis]^ and N satisfies Hypothesis]^ 
pathwisely. For x G L'^{^, •^o'l S) there is a unique pathwise solution to (I3.ip in the 
sense of Definition \3.I\ satisfuina X(uj) G L°"{[0,T]; S) and 

fT 

sup \\xi{uj) - Xt{uj)\\H + \\xi{uj) - Xt{uj)\\l dt -^0, yujen. 

te[o,T] Jo 

Moreover, X{uj) is right continuous in S. For x G L^(^,^q;H) there is a unique 
pathwise limit solution to p.ip . 
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If the noise is two-sided and strictly stationary then the solutions generate a 
random dynamical system (RDS). Let {{ft, J^,TP), {Ot)t£'R) be a metric dynamical 
system, i.e. {t,uj) ^^ Ot{uj) is (^(R) (g) ^,^) measurable, = id, dt+s ^ OtoOs 
and 9t is P-preserving, for all s, t G R. We assume that iV : IR x SI — > satisfies 

Hypothesis 3. 

(N) For allt> s and w £ O 

Nt{uj)-N,{<^)^Nt-s{es^)- 

By |GLR11[ Lemma 3.1] for each 5 valued process Nt with A'o = a.s., sta- 
tionary increments and a.s. cadlag paths there exists a metric dynamical system 
((n,^,P),(6lt)te]R) and a version Nt of Nt on {{D., ,T),{et)ten) such that Nt 
satisfies {N). In particular, applications include all Levy processes and fractional 
Brownian motion with arbitrary Hurst parameter. 

Since we constructed the solution pathwisely we obtain 

Corollary 3.3. Assume that A satisfies Hypothesis\^ is independent of time t and 
N satisfies Hypothesis\^ and\^for all lo ^^l. Then 

(p{t,uj)x := Xt{u}), X e H, t e E,+ , uj e fl 

defines a continuous RDS associated to (|1.2p . where (w) is the pathwise limit 
solution starting at x obtained in Theorem \3.2l 

4. Stochastic evolution inclusions with multiplicative noise 

If the random perturbation is given by a stochastic integral with respect to a 
Wiener process we can use Ito's formula to derive solutions to the corresponding 
stochastic partial differential equation even if the diffusion coefficients only take 
values in L2{U,H) (i.e. Hypothesis [2] is not satisfied). In case of L2{U,S) valued 
noise the S regularity of the solution is preserved. This allows much rougher noise, 
since Hypothesis [5] is not required anymore. 

Using a fixed point argument we can then extend the existence of solutions to 
the case of multiplicative noise. For noise taking values in L2(U, S) and initial data 
X e i^(Sl, \ S) we will obtain variational solutions, while for less regular initial 
data and noise these will be extended to limit solutions. 

In order to be able to use stochastic calculus we require a normal filtered prob- 
ability space (SI, {^f}f>o, P) with a cylindrical Wiener process {IVt}t>o in U, 
where U is some separable Hilbert space. We further require the diffusion coeffi- 
cients B : [Q^T] X Vl X S L2{U,H) to be progressively measurable (i.e. for every 
t e [0,T] the map B : [0,t]xnx S ^ L2{U;H) is ^([0, i])(g)^®^(5')-measurable) 
and the following random version of Hypothesis [21 

Hypothesis 4. (Bl) There is an h e L^([0,r] x D,) such that 

WBtimUuM) ^ + ^t' (Growth), 

for all t £ [0,T], x € S and io £ fl. 
(B2) There is a C > such that 

\\Bt{x) - Bt{y)\\1^(^uH^ < C\\x - y\\H, (Lipschitz continuity), 
for all t G [0, T], a;, y e S* and w G S7. 
For the existence of variational solutions we further require 
Hypothesis 5. (B3) There is an h e L^([0,r] x VL) such that 
\\Bt{x)\\l,^u.s) < CMl + ht, (S-Growth), 
for all t G [0,r], X Cz S and lo E fl. 
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Definition 4.1. We say that a continuous {.^t}t>Q-o-dapted stochastic process X : 
[0,T] X fl ^ H is a solution to 

dXt+A{t,Xt)dt3Bt{Xt)dWt 

^'■'^ XiO)=. 

if X e L'^{n;C{[0,T];H)) n L^([0,T] x n; S) and X solves the following integral 
equation in S* 

Xt^Xo- f Vsds+ f Bs{Xs) dWs, 
Jo Jo 

TP-a.s. for all t G [0,T], where r/ G A{-,X), dt ® F-a.e. 

Theorem 4.2 (Multiplicative noise). Let x G L'^{D.^^q;S). Assume that A satis- 
fies Hypothesis [7] and B satisfies Hypothesis [7] and O Then there exists a unique 
solution X to (|4.ip in the sense of Definition\4-.i\ satisfying 



E sup llXtlll < oo 
te[o,T] 

and X is P-a.s. right- continuous in S. 

Proof. See section [^.3.21 □ 

Using monotonicity of the drift and Lipschitz continuity of the noise, we can 
extend the existence result to every initial condition x e L^{^, ^o; H) and driving 
noise taking values in L2{U,H) in a limiting sense. 

Definition 4.3. An {^t}te[o.T]-o-dapted stochastic process X e C([0, T]; H)) 

is a limit solution to (|4.ip with starting point x G L^{^, ^o] H) if for all approxima- 
tions x^ G S) with x^ X in L?{^1, H) and B^ satisfying Hypothesis 
^and\^with B^{u) B{u) in L'^{[Q,T] x Vl;L2{U,H)) for all u e S we have 

X^^X, m L^{n;C{[0,T];H)). 

Theorem 4.4 (Multiplicative noise for all initial conditions). Let x G i^(J^, ^o;H). 
Assume that A satisfies Hypothesis\^and B satisfies Hypothesis^ Then there exists 
a unique limit solution X to (j4.ip in the sense of Definition \4.3 

Proof. See section [^.3.31 □ 

5. Ergodicity 

In the following assume A, B to be independent of {t,uj) G [0,r] x 51 and to 
satisfy Hypotheses [1] and [5] with /, 7 and h being constant. We further restrict 
to the case of additive Wiener noise. Since B satisfies Hypothesis [5] the process 
BWt is a trace class Wiener process in S in the following denoted by . We 
consider the canonical realization of its two-sided extension: ft := C(]R; S), ■!^t ■= 
a{TTs\ s G {-00, t]}, ^ := a {UteiR'^t} ^^^^ ^ on fl. Define 

the Wiener shift to be 0t{u}) := uj{t + •) - uj{t). Then (Q, {^then, {OtjteB., P) is a 
metric dynamical system, the evaluation process ttj is a trace-class Wiener process, 
which by abuse of notation is again denoted by Wf and satisfies Hypothesis 
ini Let {^t} be the right-continuous completion of {^t}. We consider evolution 
inclusions of the form 

dXt + A{Xt) dt 3 dWf, t > 

Xq = X. 

We denote by ^{H) the set of all Borel measurable subsets of H, by ^b{H) (resp. 
Ch{H)) the Banach space of all bounded, measurable (resp. continuous) functions 
on H equipped with the supremum norm and by Lipt,(iJ) the space of all bounded 
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Lipschitz continuous functions on H. By we denote the set of all Borel probabil- 
ity measures on H . For a semigroup {Pt} on ^^(iJ) we define the dual semigroup 
{Pj*} on ^1 by Pt^B) ■= ^^Ptlsd^., for B G SS{H). A measure /i S is 
said to be invariant for the semigroup Pt ii P^fi = /i, for alH > 0. For T > and 
/i G ^1 we define 

1 



r 

T 



and we write Q (x, •) for fi — S^. We recall: 

Definition 5.1. A semigroup {Pt} is called weak-* mean ergodic if there exists a 
measure /x» G such that 

w- lim Q^i' = u*. 

T^oc 

for all V G . 

Let s;w)a; be the solution to (15.11) starting at time s G R in x G i?, with 
respect to the Wiener process = W^j^^ - (cf. |PR071 p. 105]). We define 

:= (X(-,0,»*P, 

to be the law on C([0, oo), H) of the solution X{-, 0, •)a; viewed as a random variable 
taking values in C([0, oo), iJ). By Ito's formula 

(5.2) E sup \\X{t,Q,-)x-X{t,G,-)v\\l<\\x-y\?H- 

te[o,T] 

Proposition 5.2. T/ie family {Px}x£H defines a time-homogeneous Markov pro- 
cess on C{[0,oo), H) with respect to the filtration {■^t}te'R+, *-e- 

E,[P(^t+,)|^] = E,jP(^t)], VP G ^biH), P^-a.s., 

where lEix, Mx[-\-^s] denote (conditional) expectation with respect to Px- 

Proof. See section WM □ 

We define 

PtP(x) := E [F{X{t, 0, ■)x)] , P G ^(P), xeH 

to be the Feller semigroup associated to the stochastic flow X{t, s,a;)x. By Propo- 
sition [521 the semigroup property is satisfied. The so-called e-property 

(5.3) \PtF{x)-PtF{y)\<Up{F)\\x-v\\H, x,y e H, 
for all P G Lip^(P) follows from (|5.2p . Consider the assumption 
Hypothesis 6. (A5) There are constants C, c > such that 

2s,{y,^)s>4y\\s'-c, 

for all [x, y] G A. 
Let u{-,0)x G C([0,T];P) denote the unique solution to 

dut + A(ut)dt 3 0, 

(5-4) 

uo = X € H. 

The unique existence of such a solution u follows from Theorem 12.31 and Theorem 
[23] with 5 = 0. 

Definition 5.3. We say that finite time extinction holds for equation (|5.4p . if for 

all bounded sets B C H there exists an extinction time Tb > for the solution 
{u(-, 0)a;} to (j5.4p such that u{t, 0)x = for all t > Tb and for all x G P. 
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Hypothesis 7. Suppose that there exists a measurable Lyapunov function : — > 
[0, +oo] satisfying 

g, (y, x)g > e(x), \/x e S, yy e A{x). 

and consider the following conditions 

(LI) Finite time extinction holds for (|5.4p and O has bounded sublevel sets. 
(L2) The solutions {u(-,0)x} to (|5.4D satisfy u(t,0)x for x & H as t ^ oo 
and Q has compact sublevel sets. 

A simple sufficient condition for Hypothesis [71 (LI) is given by 

Remark 5.4. Suppose that there is a constant c > such that 

(5.5) 2s.{y,^)s>4^\\H, 

for some 1 < a < 2 and all [x,y] G A. Then Hypothesis^ (Lf) holds. 

Proof. See section □ 

Then, using Theorem [KPSlOl Theorem 2], we prove 

Theorem 5.5. Assume Hypotheses [H O and (LI) or (L2) in Hypothesis 
Then, there exists a unique invariant measure /i* for {Pt} and 

(1) The semigroup {Pt} is weak-* mean ergodic. 

(2) For any ip £ Lipt,(i7) and /i £ ^\ the weak law of large number holds, i.e. 



hm ^ [ ^p{TTs)ds= [ ipdy,^, 
T->oo T Jo Jh 



in TP f^-probability, where is the law of the Markov process tt started with 
initial distribution ji. 

Proof. See section □ 

6. Proofs 

6.1. Deterministic case. 

6.1.1. Deterministic case with initial data x E S (Theorem \2.3\) . 

We first prove that the approximating equation (|2.3p has a unique solution: 

Proposition 6.1. Assume HypothesisUi (Al), (A2), (A4), Hypothesis and let 
X £ H. Then equation (j2.3p has a unique solution G C([0,T];i7) in the sense 
that ^ 



' t 

^0 

for all t G [0,r] as an equation in S* , where G L^([0, T]; S**) such that Q G 
-eis{Yn - A{t,Y^'+gt) for a.e. t G [0,T]. 

Proof. We aim to apply Theorem IA.3I with 

F{t,x) = -A{t,x + gt) - |js(a;), 

J{t^x) = -is{x), 

and uo = x. Obviously (J1)-(J4) are satisfied. We check the conditions on F: 

(Fl): A consequence of maximal monotonicity (Al), see |Bar93[ Ch. 2, Proposi- 
tion 1.1]. 

(F2): Let x e S. By jHP97[ Ch. 3, Theorem 1.28] and maximal monotonic- 
ity of a; M> A{t,x) for all t G [0,T], x i-^ A{t,x) is strongly-to- weakly upper- 
semicontinuous. (A4) and |Zyg92[ Theorem 1, Theorem 2] imply that {t,x) H> 
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A{t, x) is product measurable and hence superpositionally measurable. F + {e/2)is 
is the composition of the cadlag function < H> {t,x + gt) and A, thus 1 1~> Fit, x) is 
measurable. 

(F3): Since A{t, •) is maximal monotone so is F{t, •) for each t G [0,r], which 
implies sequential closedness in 5 x S*^, see |Bar93[ Ch. 2, Proposition 1.1]. 
(F4): Obvious by (A2) and Hypothesis H 

(F5): We first note that (Al) combined with (A2) implies a weak coercivity 
property for A: 

(6.1) g. {y, x)g = g,{y-z,x- 0)^ + {z, x)g 

>~Ms4^\\s>'fit)Ms, 

for all t G [0,T] and [x,y] G A{t) and z G A{t,0). For t G [0,T], [x,y] G F{t), 
z G A{t,x + gt): 

e 



5-(y>2;)5 = -s*(^,a;)g--||a;||| = - s'{z.x + gt) g - g,{z,gt) g --\\x\\l 



<fm^ + 9t\\s + \\z\\s'\\gt\\s^'^\\xrs 
<C{e){f{tf + f{t)\\gt\\s + \\gt\\l) 

and the last term is in L^([0,r])+ by (A2) and Hypothesis [H 

Application of Theorem IA.3I thus yields the existence of a solution and mono- 
tonicity of F, J implies uniqueness. □ 

Lemma 6.2. Under Hypothesis{J\and\^for starting points x £ S, we have that 

mfs < C Ml + C e-^^ (7(5) + + WT^'^gsWl) ds < 00. 

Proof. By Proposition lOl we know that G i^([0, T]; S*). Apply the chain- 
rule |Sho97[ §111.4] to II -11^ to obtain that 

r/ll^-^* < llxll^ -2 re-^%.(r?f +ez5(F/),T„(y/))^ ds - K f e-^niYs't ds 
Jo Jo 



X 



' 2/ e~^%.(77f,T„(y/-|-5,))^ ds + 2 / e-''%, {rf,,TM) s ds 



~2e f e-''^{Y!,T,,{Y!))sds~K fe-'^'W^tds 
Jo Jo 

<\\A\l+ f e-''^{l{s) + C\\Y!+g4l) ds + f c'^^^tWs' ds 
Jo Jo 

+ fe-^^T^g^lds-K f e'"^ m^ds 
Jo Jo 

Jo Jo 



+ C I'e-"^ {l{s) + f^ + \\Tgs\\l) ds, 
Jo 

where ryf G A{Y^ + gs) ds-a.e. Taking K — C and n ^ cx) yields 

(6.2) < \\x\\l + C e-^^ (7(5) + H + ||r=^/^g. ds. 

□ 

We are now ready to prove unique existence of solutions for initial data a; G 5, 

i.e. 
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Proof of Theorem \2.3[ For e > let denote the solution to (|2.3p with corre- 
sponding selection rj'^ e 74(-,y^ + g). By Lemma 15^ II^^IIl='([o t] s) — ^- Hence, 
there is a sequence {£„}, e„ ^ such that 

weakly-* in L°°([0, T]; 5). By the chain-rule (cf. |Sho97l §111.4]) 

(6.3) ||y/ - r/ll^ < -2 /* (r^l - Tyf , F/ - F/)^ ds 

Jo 

- 2 [ ^.(£*s(r/) - S^s{Y,'),Y,' - y/) ds, t e [o,r], 
Jo 

for aU < (5 < e. Hence, 

/ 5.(e^s(>;^) ~ -^isCr/),!;^ - < 0. 

Jo 

By IBCP701 Lemma L4], F^" ^ F weakly in ^^([o^r];^) and 

(6.4) f mWldt^ f WtWldt. 

Jo Jo 

Hence r^" ^ F strongly in ^^([o, T]; 5*). Then (lOj) implies Y^" ^ Y in C{[0,T]; H) 
By (A2) and Lemma we can choose a further subsequence (again denoted by 
£n) such that 

r,^"-77, mL\[0,T];S*)- 

By Proposition |R2] the operator A : L^{[0,T]; S) ^ 2^'([°'^1''^*) is strongly-weakly 
closed and thus [Yf + gt,Vt] G A(t) for a.e. t G [0,T]. By monotonicity the solu- 
tion is unique and thus the whole sequence (net) {Y^} converges strongly to Y in 
L^([0, T]; S*). Since F is a unique solution to (|2.2p Xt -.— Yt+gt is a unique solution 
to (1^ . 

We now prove X G L°°{[0,T]; S) and X is right-continuous in S. By the same 
calculation as for (j6.2p we obtain 

(6.5) m\l e-^* < \\Y,\\l e'^^ + C e'^^ [^(s) + f^ + \\T'/'gs\\l) ds. 
In particular 

sup ||Ft|||<cx), 
te[o,T] 

which together with continuity in H implies weak continuity of Y. Let t„ G [0, T] 
with tn i t. By ((^ 




Hence, lim„^oo ||^t„|l5 < ll^tlls- By weak continuity we conclude Yt,, — Yt in S". 

□ 
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6.1.2. Deterministic case with initial data x E H {Theorem \2.5\) . 

We proof Theorem 12.51 Let , E S he two approximations of x in and 
y^, be the variational solutions constructed in Theorem 12.31 corresponding to 
x^^x^ e S. By the chain-rule 




where 4 G M^r + 9r), vf. G ^(F/ -t- .g^). Thus is a Cauchy sequence in 
C{[0,T]; H) and every sequence of approximative solutions Y^ converges to the 
same limit Y in C([0, T];H). 

6.2. Stochastic evolution inclusions with additive noise. 

Let X S L°(r2,^o; S) and X be the corresponding pathwise solution to p.ip . It 
remains to prove {^i}fg[o.T]-adaptedness of X. 

Under the assumptions Theorem 12.31 we have shown that there is a unique solu- 
tion Y to (j2.2p . We now prove that the solution map 

F:Sx (^L\[0,T];S)nLl{[0,T];D{T^/^))) ^C{[0,T];H) 

{x,g) ^ Y, 

is continuous (here, the subscript " denotes the weak Hilbert topology). Let 
x"" ^xinS and -)> <? in L^{[0,T];S) with g" ^ g weakly in L^{[0,T]; D{T^/^)). 
The bound in Lemma 16.21 for Y", Y does not depend on n since g" is uniformly 
bounded in L^{[0,T]; D{T^/^)). Hence ry^" e A{t,Yt" + g ^"), r]t £ Ft -I- g*) are 
uniformly bounded in ^^([o, T]; 5'*). By the chain rule ( |Sho971 §IIL4]) 

\\Yr - Y,\\l = -2 f « - r^,,Y- - Y,), ds 
Jo 

<-2 / s^{Vs-Vs,9s-g':)sds 
Jo 

< ^Vs - Vs\\l2([0,T]-S-)\\9 - 9"\\L^[0,T]:S) ^ 0, 

which proves the claimed continuity. 

By Kuratowski's Theorem the map 7V|-[o j] : Q L'^{[0,t]; D{T^/'^)) is ^t- 
measurable for all t G [0,T]. Hence, continuity of the solution map F implies 
{^(}4g[o,T]-adaptedness of Y and thus of X. 

6.3. Stochastic evolution inclusions with multiplicative noise. 

We will now prove Theorem 14.21 and Theorem 14.41 The proof consists of two main 
steps. First we consider the case of additive noise satisfying the weaker regularity 
properties in Hypothesis SI [S] as compared to Hypothesis [21 In the second step 
we use the unique existence of solutions for additive noise in order to construct 
solutions to the case of multiplicative noise, using a fixed point argument. 

6.3.1. Stochastic evolution inclusions with additive Wiener noise. 
For the rest of this Section assume B to be independent of x G S. 
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Proposition 6.3. Let x e L'^{n, ^q; S) and assume Hypotheses{^^and\Si Then 
there is a solution X to (j4.ip satisfying 

E sup \\Xt\\l < oo 
te[o,T] 

and X is P-a.s. right continuous in S. If x £ L^{fl,J^Q;H) and Hypotheses[l\ and 
are satisfied, then there is a unique limit solution to (j4.1l) . 

Proof. We first make some general remarks concerning the approximation of el- 
ements X G 5. Since T : D{T) C iJ — > iJ is an anticompact, self-adjoint op- 
erator, there is an orthonormal basis of eigenvectors e.^ G S oi H. Let Hm = 
span{ei, ...,e„i} and Pm : H H,n be the orthogonal projection onto H„i in H. 
Since (•, ■)s = (T^^^', T^^^')h the restriction of P,„ to 5 is the orthogonal projection 
onto iJ„i in S. Moreover, Pm can be extended continuously to Pm : 5* — !■ 5 with 

\\Pmy\\s<Cm\\y\\s'. 

We consider the approximating equations 



(6.6) 



where := P„,B. Then 



dX™ + A{t, X™) dt 3 dWt 

Xq = X, 



||-Pm-B|||2([o^T]xn:L2(C/,S)) - \\^\\'L^{[0,T]xn;L2{U,S)) 

and ||2"Pm-B||^2([o,T]xO;L2(c/,S)) - ^™ll^llL2([o,T]xn;L2(;7,S))- Hence 

7Vr(c.) := f BTdWsiuj) 

satisfies Hypothesis [2] for a. a. ui G ft. By dominated convergence — > _B in 
L2([o, T] X 17; L2(J/, i?)) and by Theorem [Q there is a solution X'"(w) to for 
a. a. uj £ fl. 

Lemma 6.4. There is C > such that 



sup iixnii 



<4e'^^ fE||a;||| + Ey" (/i, 7.) rfs j , 



te[o,T] 

where 7 is as m Hypothesis Q] anrf /i as in Hypothesis O 

Proof. We first note that the process t ^ JoVT^^ (where ry™ e ^(-jX™) dt (g) 
P-a.s.) is progressively measurable and that under this weaker assumption Ito's 
formula (cf. IPRQ7| Theorem 4.2.5]) for the approximating norm ||-||^j may still be 
applied. In fact, the same proof as for |PR071 Theorem 4.2.5] can be used. We 
obtain by (A3); 

\\Xn\le-^' = \\x\\l- f 2e-^^ s'{^T,Tn{XT))s ds + f 2e-''%Xr , B^ dWs)n 
Jo Jo 

* e-^1|i3rilL(c/,//„) ds-C f e-^^\\XT\\l ds 

JQ 

<Ml+ fe-^^j,ds + C f e~^^\\Xnlds 

JQ JO 

+ f2e-^%XT,BTdWs),,+ f er^^\\BT\\l,^^,H„)ds 

Jo JQ 
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By Burkholder's inequality, choosing K large enough and taking n — cxd, we obtain 
E 



mil 2 „-Ct 



sup WXrVse 

tG[0,T] 



□ 



We proceed with the proof of Proposition l6.3l By Ito's formula and Burkholder's 
inequality 



E 



sup iixr-xniif 

t6[0,T] 



< CE 



for n,m ^ oo. Hence, X" X in L^(J7; C([0, T]; i/)). By lower semi-continuity 
of the norm || • ||l^(O;C([0,t];S)) on L^n;Ci[0,T]; H)), 



(6.7) 



E 



sup \\Xt\\l 

te[o,T] 



<C E||x1|| + e/ ihs+-fs)ds 



By Lemma and (A2), for some subsequence 77™ ^ r] in L^([0,r] x fl; S*) and 
we obtain P-a.s. 

Xt=x- f fjsds+ f BsdWs, Vie[o,r]. 
Jo Jo 

Applying Ito's formula to this equation and to (j6.6p . then subtracting the resulting 
equations yields 

ft 



E[iixriii,-iix,iii,] =-E 



2 5.(,7,",Xr)c-2s.(^.,X,,)5dr 



E 



Thus 



lim E 

m— J-oo 



By Proposition[B31 A : L^{[Q, T] xQ-^S) ^ ^^([0, T] x 17; S**) is maximal monotone. 
Thus, Minty's trick implies [X, fj] € A dt<^ P-a.e. 

Right continuity of X in is shown as in the proof of Theorem 12. 3[ i.e. (16. 7p 
yields weak continuity and repeating the calculations from Lemma l6.4l for all initial 
times s < t we can then deduce right-continuity. 

For general initial conditions x G L^{il., J^q; H) and noise satisfying Hypothe- 
sis 2] only we consider approximations G L^(r2, ^o;^) and ;= PmB with 
corresponding variational solutions X™. Applying Ito's formula for the difference 
— and using Burkholder's inequality yields 

<ClE||a;" 



E 



sup \\xr-x-\\i 

te[o,T] 



a;"||l, + E 



\B7-BT\\l,^u.H)d^ 



which implies the existence of a hmit X of X™ in L'^{fl; C{[0,T]; H)). For two 
approximating solutions X™, X™ by the same argument we obtain 



E 



sup \\xr-xrrH 

te[o,T] 



< C Ell 



E 



i^r 



b: 



, ds 



This implies that the limit X does not depend on the approximating sequence. □ 
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6.3.2. Proof of Theorem 



First let x G L^{fl, ,^o', S) and B satisfy Hypothesis |4] and Hypothesis [5] We 
construct a solution by freezing the noise. For K > lei 

■■= {Z e L\n; C([0, T]; iJ))| ||^||i.(n;C([o,T];S)) < k} . 

Since \\ ■ ||/^2('q.c'qq j^j.g-j) is a lower semi-continuous function on L'^{fl;C{[0,T];H)) 
the subsets are closed in L^{n;C{[0,T]; H)). For Z e L^{n;Ci[0,T]; S)) we 
have 

\\Bt{Zt)\\l^^^^s)<C\\Zt\\l + hteL\[0,T]xn). 

By Proposition 16.31 there exists a unique corresponding solution X — F{Z) G 
L^ifl; C([0, T]; S)) driven by the diffusion coefficients B{Z). We will prove that the 
solution map 

F : L\n; C([0, T];H)) ^ L^Q; C{[0, nH)) 

is a contraction for T > smah enough. Let Z^^\ Z^^) e L'^{n; C([0, T]; iJ)). Then 
by Ito's formula und Burkholder's inequality 

Jo 

<CE TllzW-Zp) Iliads 
Thus, for T > small enough is a contractive mapping. For Z e , by (|6.7p 



E 



sup ll^dll 
te[o,T] 



< Ae'^^ Ellxll 



C\\Zs\\lds + 'E {hs+-fs)d.s^ 



Choosing K > Se*^^ (lE||x||| + E (hs + 7s) ds^ thus yields 



E 



sup WXtWi 

tG[0,T] 



< y + ACe^'^TK. 



Hence, for T > small enough, F leaves invariant and is contractive. By 
Banach's fixed point theorem, there is a unique fixed point X G L^{^; C([0, T]; H)), 
i.e. F{X) = X or in other words 

dXt + A{Xt) dt 3 B{Xt) dWt. 



E sup \\Xt\\s < oo 
te[o,T] 



By Theorem 16.31 we have 



and X is P-a.s. right-continuous in S. 
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6.3.3. Proof of Theorem \4-4\ 

Let X e L'^{n,^o;H), B satisfying Hypothesis H onfy, G L'^{n,^o;S) with 
x" —)■ X in L'^{i},^o;H) and := PmB, thus satisfying Hypothesis |4] and Hy- 
pothesis [5] By Ito's formula and Burkholder's inequality 

E sup iixr-xriii^e-" 

t£[0,T] 

Jo 

+ CM f \mxT) - BT{xT)\\l,^u;H)d^ ^ 0, 

JQ 

by dominated convergence. Hence, there is a limit X" ^ X e L'^{n:C{[0,T];H)). 
Similar arguments yield the independence of X from the approximating sequence. 



6.4. Markov processes and ergodicity. 

In the following assume that the assumptions considered in Section [5] are satisfied. 

Proof of Provosition [X^ - As in |PR07i Proposition 4.3.5] we note that by (|5.2p it 
is enough to show 

]S,[Gint,,...,TTtjF{TTt+s)]= I GK,H,...,7rt„H)E,,(^)[F(^t)] dP,H, 

Jn 

for all < < ... < tn < s, G : — s> R continuous, bounded and F e Cb{H). 
Equivalently 

E[G(X(ti, 0; >, X{tr,, 0; ^^(^(t -I- s, 0; ■)x)] 
(6.8) /■ 

= / G(X(ti,0;w)a;,...,X(t„,0;a;)x)E[F(X(t,0; 0^(5,0; dP(cj). 
Jn 

Let us first consider the case of regular initial conditions x G S and additive, 
pathwise £'(T'^/^)-regular noise (Theorem 13. 2p . By Corollarv 13.31 X(t,s;u})x is a 
stochastic flow, i.e. 

X{t, s; Lo)x = X{t, r; uj)X{r, s; U!)x, \/s < r < t 

and a cocycle 

X{t,s;Lo)x ^ X{t~ s,0;9suj), Vs < i. 

Thus: 

X{t, 0, 0^(5, 0, uj)x = X{t + s, s, e^s-)X{s, 0, uj)x. 
Since X{t + s, s, ■) is independent of we conclude 

E[F(X(i, 0, ■)X{s, 0, Lu)x)] = ]E,[F{X{t + s, s, ■)X{s, 0, 

= E[F(X(t -I- s, s, ■)Xis,0, ■)x)\^s]iuj) 
= E[F(X(t + s,0,-)a;)|=^](a;) 
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and thus 

G{X{ti,0, uj)x, X{tn, 0, uj)x)'E[F{X{t, 0, ■)X{s, 0, lu)x)] dP(a;) 



= / G{X{ti,0,uj)x,...,X{tn,0,uj)x)'E[F{X{t + s,0,-)x)\^s]{uj) dP{uj) 
Jn 

= E[G(X(ii, 0, ■)x, X{tn, 0, ■)x)F{X{t + s, 0, ■)x)]. 

For initial conditions x H and noise B satisfying Hypothesis 0] only, solu- 
tions were constructed as limits of pathwise solutions X™(-,0, ■)x -'^(•,0, ■)x in 
L^(r2; C([0, T]; Using uniform Lipschitz continuity of the pathwise solutions 
in the initial condition we realize that (j6.8p is preserved in the limit. □ 

RecaU that u{-,0)x £ C{[0,T]; H) denotes the unique solution to (|5.4p . 

Proof of Remark \5.4\ ' The Lyapunov function Q{x) :— c||a;||^ is measurable and 
has bounded sublevel sets. It remains to prove finite time extinction. 
First let X £ S n B. By the chain rule of calculus 

^\Mh ^^s'("Vt,Ut)s < -4ut\\fi - -c(||Mt|||j)^ , for a.e. t e [0,oo), 

where a is as in (jS.Sp and % G A{ut) for a.e. t G [0,T]. Hence, informally f{t) := 
is a subsolution to the ordinary differential equation 

/'(i) = -c/(0^, fora.e. ie [0,T]. 

Hence 

2 2 

Kll?.< ((lNI?r"-ct^) vo)"° < (^(^||sf--ct^) vo 

By continuity in the initial condition the same inequality holds for all x £ B. We 
conclude Ut = for aU t>TB:= 11^11^ "^(2^- ° 



In order to prove Theorem 1 5. 5 1 we need some preparation. We start by proving 
stochastic stability for equation (|5.ip . 

Lemma 6.5. Suppose that Hypotheses]^ O hold. For each T > 0, e > and 
B C H bounded we have 

n\\X{T,0;-)x-u{T,0)x\\l<e]>0, 

uniformly for all x E B. 

Proof. Since is a trace class Wiener process on S, for each 5 > 0, T > we can 
find a subset D,^ Cfl of positive mass such that sup{|| Wj^(ti;)||s| t £ [0,T]} < | for 
all uj efl^. Let X e S. For uj e fl^ wc have by (A5) 

\\Yit,0;Lu)x\\l^\\x\\l^2 f {rjr,Xir,0;u:)x-Wf{L,)) dr 

Jo 

<\\xfH-cf \\rjr\\s*dr-2 f (ry,, -W^.^H)^ dr + Ct 



<\\xrH-(c-2 sup llTy.^Hlls) / 

\ re[0,T] ) Jo 



s 

t 



\rir\\s'dr + Ct 



ft 

|2 



< \\xrH~ic~6) / \Ms'dr + Ct 
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where rjr G A{X{r,0;uj)x) for a.e. r e [0,T] and X = Y + W^, as before. The same 
argument can be appHed for u(t, 0)x to obtain 

WVrWs'dr + r WvrWs'dr < C(l + 



where rjr £ A{u{t,0)x) and r/r G A{X{r,0;uj)x) for a.e. r G [0,T] and all S small 
enough. Using the monotonicity of A we estimate the difference to the deterministic 
solution by 

|2 



\\Y{t,0;uj)x — u{t,0)x\\ff — / g,{r]r — r]r,Y{r,0;uj)x — u{r,0)x) g dr 



< 



\\V - ?7||li([o,t];S-)I|VK^('^)I|l-([o,t];S) 



<C(l + ||x||l,)<5, 

for G rJ*^. By continuity in x this inequality remains true for all x € H. Hence 
\\X{t, 0; uj)x - u{t, 0)x\\j^ = 0; uj)x + Wt^{uj) - u{t, 0)x|||f 

< C(l + ||a;|||f)(5, VwGl^^ 
Choosing 5 > small enough thus yields the claim. □ 

Next, we prove the asymptotic concentration of the average mass on bounded 
(compact resp.) sets. 

Lemma 6.6. Suppose that Hypotheses\^\^^ (LI) (or (L2) resp.) hold. For 
each e > and each hounded set A <Z H there exists a bounded (compact resp.) 
measurable set B = B{e, A) (~ H such that 

inf lim Q^{x, B) > 1 - e 

Proof. Let e > 0. For R > set K := Kr := {9 < R}, which is a bounded 
(compact resp.) measurable set by (LI) ((L2) resp.). By Ito's formula, 

^E^ Q{X{s,Qr)x)ds<C{\\x\\l + l), forr>l. 
Let A Q H he bounded and x E A. Then 



^-J^ Ps{x,K)ds 



>y; (i-^eiiii^)..>i-|(Mii+i, 

Choosing R{e,A) > e^^C{\\A\\]j + 1) yields the claim with B := Ki^^^^a)- □ 

We are now ready to prove a locally uniform lower bound for the average mass 
at 0. 

Lemma 6.7. Suppose that HypothesesUl El (LI) hold. For each 6 > and 
each bounded set A Q H 

inf lim Q^{x,Bs{Q)) > 0. 

Proof. Let A C iJ be bounded, x ^ A and B ^ B{^,A) be as in Lemma [6.61 By 
(LI), there exists an extinction time Tq corresponding to B such that u^^ — for 
all z G -B. Using Lemma [53] yields 



(6.9) PTjz,Bsm = F{\\X^Jh <S)= ¥{\\X^^ - u{To,0)z\\h < ^) > 71 > 0, 
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where 71 = ji{To,S) is independent of z G -B. Thus 

lim Q^{x,BsiO))= lim 7^ / Ps{x, BsiO)) ds 

T-S-CX3 T-j-oo Jo 

= lim 7^ / Ps+To(a;,B5(0))ds 

T^oo Jo 

= lim 7^ / / Ps{x,dz)PTo{z,Bs{0))ds 

T-yoo J Jo Jff 

> lim / / P,(a;,dz)PTo(2,S5(0))ds 

T->-oo Jo Jb 

> lim 71 / / Ps{x,dz)ds 

T-i-oo -'Jo JS 

> 71 lim Q'^{x,B) > ^ > 0, 

where7i =7i(To,(5) =7i(||AI|h,5). □ 

For the next proposition, see |ESvR10l Proposition 4.9]. We shall adapt their 
proof to our setting and include it for convenience. 

Proposition 6.8 (Es-Sarhir-von Renesse). Suppose that HypothesesUl El 
(L2) hold. Then for every S > and every x € H : 

lim Q^{x,Bs{0)) > 0. 

Proof. Let S > and x € H. Repeating the proof of Lemma 1^751 we may pick some 
R> such that for the compact set if := Kj^ := {8 < R} it holds that 

Q^ix,K)>^, VT>1. 

Claim 1: There exists a 71 > and a finite sequence Ti,T2, . . . ,Tk, Ti > for 
i e {1, . . . , fc} such that 



k 

^Y.PT,{y,Bsm>^u VyeK. 



i=i 



By (L2), for each z E H there exists a < 00 such that u{t,Q)z e 5^/4(0) for 
all t>Tz. Hence, using Lemma 16.51 we obtain 



PtJz,B5/2(0)) >p|||X(r„0;>-u(T„0)zl|^< ^1 7. > 0. 

Let (p he a bounded Lipschitz function on H such that 15^^2(0) < '^^ < 1bs(o) ^nd 
Lip((^) < 2/(5. Defining := the e-property (15. 3p implies 

PTAy.Bsm>PTMv)>PTMz)-l\\z-y\\H 

> PtAz. Bs/2m - I P - yllff > 7. - I \\z -y\\H> y - Vy G 

Since K is compact, we may select a finite sequence (zi, r^.), i e {1, . . . , fc}, such 
that K C yjL]^ i?rj. (zi). Setting Ti T^^ the claim follows with 71 := i min 7^;.. 
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Using Fatou's lemma we obtain 

lim Q^{x,Bs{0))= ]m ^ [ Ps{x,Bs{0))ds 

T-foo T->-oo ^ Jo 

r-)-oo 1^ -^^ J Jo 
> lim / / Ps{x,dy)PT,iy,Bsmds 

T^oo .^^ 1 Jo Jk 

>ii ]im ^ f Ps{x,K)ds 

T^oo ^ Jo 



= 71 lim Q^{x,K) 

T^oo 



□ 



We see that Theorem [KPSlOi Theorem 2] can be applied to yield the claim of 
Theorem 15.51 

7. Examples 

In the following we present several examples of singular SPDE which can be 
treated by the general results discussed above. Let us first consider the case in 
which the drift is given as the subgradient of a convex function. Let S C H C S* 
be a Gelfand triple of Hilbert spaces and T, Tn, Jn as in Section [51 

Proposition 7.1. Let ip : S ^ M be a lower semi- continuous, convex function 
such that infugs > -oo. Then A -.^ dip : S 2^' satisfies (Al), (A4), (A5). 

(7.1) p{u)<c{l + \\u\\l), WeS, 

for some C > 0, then A satisfies (A2). 

If in addition, ip is non-expansive with respect to J„, i.e. ip(Jnu) < p{u) for all 
M S 5, n S N then A satisfies (A3). 

Proof. By replacing ip with ip — inf„g5(^(M), we may assume (p > 0. By |Phe89[ 
Proposition 3.3], ip is continuous on S. (A4) is satisfied since (p is independent of 
time t. 

(Al): By |Bar76[ Theorem 2.1, Proposition 2.7] A is maximal monotone with 
nonempty values. 

(A5): As noted above, (p is continuous. Hence, there is (5 > such that ip{w) < 
Lp{0) + 1 for all llwjls < S. For v G d(p{u) we observe 

Iklls* = T sup s'i^^^)s 

wes, \\w\\s=s 

1 / \ 1 / N 
= - sup g,(V,W -U)g+- g,{V,U}g 

" wes, \\w\\s=s " 
<j sup <p{w) ~ ip{u) -hj s,{v,u)g 



weS, \\w\\s—S 

>(o) + i) + i. 
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(A2): Let u £ S, v ^ d(p{u) and (p* be the Legendre-Fenchel transform of tf. By 
(fTT]) it follows that 

compare e.g. with |RW98[ eq. 11(3)]. Hence by Young's equality, 

Ml, < 4C {^*iv) +C)^4Cis* {v, u)s -^{u) + C) 
<^C{\\v\\s. Ms + C), 

which implies (A2). 

(A3): For u e 5, -y e dip{u) 

g, {v, TnU)g = -n g, {v, JnU - u) g > n {(p{u) - ip{Jnu)) > 0, 

for all u e and n e N. □ 

For any convex function : 5* — >■ R we define its extension onto H by ip{u) := 
+00, for all u e H\S. 

Proposition 7.2. Let ip : S ^ M, be an even, convex function such that ip{u) = 
iniyizs (p{v) iff u = and such that its extension onto H has compact sublevel sets. 
Then A := dip satisfies condition (L2) in Hypothesis^ 

Proof. By the subgradient property we have 

g,{v,u)g > (p{u) - (p{0), yved(p{u). 

Hence, we may choose Q :— ip — (p{0) in Hypothesis [71 (L2). Closedness of the 
sublevel sets on H implies lower semi-continuity of Q on H. Then [Bru75[ Theorem 
5] implies (L2). □ 

In the following let (51, J^, {^t}t>o, IP) be a (not necessarily complete nor right- 
continuous) filtered probability space and : [0, T] x il — >■ 5* be an {-adapted 
process satisfying N.{u!) € L^{[0, T]; D{T2 )) for all w G r2 and strict stationarity, i.e. 
(N). Furthermore, let (f2, {^t}t>o, IP) be a normal filtered probability space and 
B : [0,T] X il X S ^ L2(U, H) be an ^(-progressively measurable map. The choice 
of the underlying Gelfand triple S C H C S* will be specified in each example. 

7.1. Stochastic generalized fast- diffusion equation. 

We adopt a framework inspired by Rockner and Wang |RW08| . Let {E, fi) be 
a finite measure space and ((?, D{<a)) be a symmetric Dirichlet form on L'^{ij,) with 
associated Dirichlet operator {L,D{L)) (cf. jFOT94| ) . Assume that L is strictly 
coercive and anticompact. Then D{(S') is a Hilbert space with norm :— (#^/^(-) 
and D{<^) C L'^(p) is dense and compact. 

We define the generalized fast diffusion operator in the Gelfand triple 

S := L^i^i) CH:= D{S)* C S* . 

Let : ]R — ]R_|_ be an even, convex, continuous function with ^'(0) = 0, subdif- 
ferential $ 9* : IR 2^^ and 

*(r) <C7(|r|2 + l^(s)<^), VreR 

for some constant C > 0. Explicit examples are given by: 
(1) Fast diffusion equation: 

%{r) := d (s ^ ) (r) = |r|f-i sgn(r), p £ [1, 2]. 
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Note that we include the limit case p = 1 for which 

sgn(r), r^O 
hi, 11, r = 0. 



$i(r) = 



(2) Plasma diffusion: 

$i„(r) := <9(s ^ (|s| + 1) ln(|s| + 1) - |s|) (r) = ln(|r| + 1) sgn(r). 
We define 

J E 

and A :— dip : S ^ 2^ . As in |Bar76[ Proposition 2.9] we obtain 

(7.2) A{u) = {veS* = L'^in) I v{£.) e $(m(0), a.e. ^ e E} . 
Example 7.3. Consider the stochastic generalized fast- diffusion equation 

dXtemXt)dt+r^' , ie(o,r], 

(7.3) [Bt{Xt)dWt 

Xq ^ X. 

Then Theorem \3. 2\ Corollarv lS.Sl Theorem \4.S\ and Theorem^J^ apply, proving the 
unique existence of a (limit) solution to (17. 3p . 

Proof. By continuity, convexity and the growth condition for ^P, : 5* — > R+ is a 
convex continuous function. By Proposition 17.11 it only remains to prove that ip is 
non-expansive with respect to J„. 

Recall that —L equals the Riesz map of S as we dualize over H — D{<S)* . Since 
we have assumed L to be a symmetric Dirichlet operator, it holds that 

and 

JnU < JnV, Vu,v G i^(/i), <u<v /j,-a.e., n G N. 
By an interpolation theorem due to Maligranda (cf. [Mal89[ Theorem 3]), we obtain 

ip{J„u) < ip{u), Vu G [jj) ^ L'^if-) — 
See Appendix [C] for the definition of (fi) . □ 

In order to prove ergodicity of the corresponding Markovian semigroup we require 
one of the following stronger coercivity conditions 

(CI) For each v G L'^in) with v{^) G ^{u{^)) for a.e. ^ e E we have 

vu dfi > c||u||^, 

for some p G [1, 2) and some constant c > 0. 

For example, this is satisfied in the case of stochastic fast diffusion equa- 
tions on bounded domains, i.e. for = A C R"* being a bounded, smooth 
domain, fi — dx being the Lebesgue measure, L = A being the Dirichlet 
Laplacian and *(r) = i|r|P with p G IV 2^ (cf. also [LTTTllLiullj l. 
(C2) The embedding L^{pi) CH = D{Sy is compact, *(r) = iff r = and 

*(^) 

fim = -|-oo. 

r— oo r 

In particular, this is satisfied by the plasma diffusion in one space di- 
mension. 
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Example 7.4. Consider the generalized stochastic fast- diffusion equation, 
dXt e L<^(Xt)dt + BdWt, te(0,T], 

(7-4) 

and assume that (CI) or (C2) is satisfied. Then the associated Markovian semi- 
group Pt is weak-* mean ergodic. 

Proof. First assume (CI). We prove that (LI) is satisfied by Remark 15.41 By (|7.2p 
and (CI) we obtain 

J E 

Hence, Theorem 15 . 5 1 applies . 

Let us now assume (C2). By Fatou's lemma Lp is lower semi-continuous on L^{^). 
Compactness of the embedding L^{n) C H implies that (p has relatively compact 
sublevel sets in H. It remains to show closedness of the sublevel sets {cp < a} 
in H. Let Xn & W < a}, n £ N, such that \\xn — x\\fj for some x € H. 
By de la Vallee-Poussin's theorem, {xn} is uniformly integrable in L^{ijl). By the 
Dunford-Pcttis theorem, there is y £ L^itA and a subsequence {xn'} of {x„} such 
that Xn' y weakly in L^^ji). Since {ip < a} is convex and closed in L^(/i), it 
is also weakly closed in L^{ijl) by Mazur's lemma. Hence y G {</? < a}. By weak 
continuity of the embedding L^{n) C H, we conclude y = x. 

The claim follows now from Proposition 17.21 □ 



As pointed out above, explicit examples include the fast diffusion equation for 



1 V 



^^,2^ and the generalized stochastic plasma-diffusion equation for d = 1. 

Note that in the limit case of the fast diffusion equation (4'i(r') — |r|), we can still 
allow d — 1,2. For d = 2 the embedding i^(/i) C H still is well-defined but not 
compact. Therefore, only (LI) but not (L2) applies and thus the proof of ergodicity 
crucially relies on finite time extinction for the deterministic equation. 

7.2. The stochastic singular $-Laplacian equation. 

7.2.1. Dirichlet boundary conditions in a bounded domain. 

Let d G N, A C IR"* be a bounded domain with Lipschitz boundary dA and —A 
be the Dirichlet Laplacian on A. We define |-| and (■, ■) to be the Euclidean norm 
and the inner-product on IR'' respectively. Let 

S := H^(A) CH:= L^{A) C S*, 

1 /2 

where we endow S with the equivalent norm \\u\\g := (/^jVwp d^) 

Let ^{x) = 4* (I a: I) : R'^ — >■ R+ be a radially symmetric function with ^ : R — 
[0, +oo) being an Orlicz function (cf. Definition I C.l|) . We further assume 

^'(x) < C(|xp -t- 1), VxeR'^ 

for some constant C > 0. Let $ := : R'' 2^"^ . Explicit examples are given 
by: 

(1) Singular p-Laplacian: $p(x) := 9(||-|p)(.t) = \x\'p-^ Sgn{x), p £ [1,2], 
where 

X 



Sgn(a;) 



if a; e R"* \ {0}, 

\x\ 

{y e R'^ My| < 1} , iix^O. 
Note that we include the limit case p = I. 
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(2) Curve shortening flow: 

^arctan('') '■— 9 (s s arctan(s) — - ln(s^ + 1) ) (r) — arctan(r), r e R. 



We define 



J A 



and A := df : S ^ 2^^^' . Since \7 : S ^ H^{A) ^ i^(A; R'*) is a linear, continuous 
operator with adjoint V* = (— A)^^ o div, the chain-rule for subgradients (cf. 
|Sho97i Proposition 7.8]) implies dip ^ V* o d {J^ «'(•) d^) o V, i.e. V*y G dip{x) C 
5'* iff y £ L'^{A; R'*) and y{£_) £ $(Va;(^)) for ahuost every ^ e A. In this case 



(7.5) s'{^*y,z)s= / (2/(0, Vz) 

JA 

Hence A is an S'-realization of the singular $-Laplace operator 

'■'A{u) -div$(VM)". 
Example 7.5. Consider the stochastic, singular ^-Laplace equation 

dXtedw^\/Xt)dt + r^' , t£{o,T], 

(7.6) [Bf(Xt)dW^t 

= a:, 

wif/i Dirichlet boundary conditions. Then Theorem \3.2[ Corollarv \3.SX Theorem 
and Theorem \4 -41 o-VV^y, proving the unique existence of a (limit) solution to (|7.6p . 

Proof. By continuity, convexity and the growth bound of (/? : 5 — > R.). is a 
convex, continuous function. By Proposition 17. II it only remains to prove that ip is 
non-expansive with respect to J„. This will be done in Lemma 17.61 below. □ 

Lemma 7.6. For all u e S ^ Hq{A) and n e N 

ip{JnU) < ip{u). 

Proof. Let n g N. We first note that 



A 



1 div rj = div 1 \ rj 



A 



Vr; e Co°°(A;R'^). 



Hence, J„(div77) = div J„?7. Since —A is a symmetric Dirichlet operator, by Propo- 
sition [C]3l we conclude as in Section [7?T] 



/ ^*{JnV) d^< [ ^*{V) dC, 
J A J A 



for ah V G . Using Proposition IC. 21 we compute 



sup 



sup 



ipiJnU) = I ^'(VJ„u)d,e 

{VJnU, v) d^ 

u div JnV d^ 
< sup ■( / (Vu, Jnv) d£_ 



**(f)de 
■f*{v)d^ 



V e C7o="(A;R'^) 
«eCo»(A;R'*) 



^*iJnV)d^ 



□ 



26 



B. GESS AND J. M. TOLLE 



In order to prove ergodicity of the associated Markovian semigroup for dimen- 
sions {d > 2) we need to assume 

(C3) For some p G [1, 2) and for all V*v G dip{u) C S* 

m,^nio) dc>\\urH. 

For example, this is the case for the stochastic singular p-Laplace equation, 
i.e. for := \x\P-^ Sgn{x) with p e IV ^,2^ (cf. also [LTTT] V For 

p = 1, the result was conjectured in |CTllj . 

Example 7.7. Consider the stochastic, singular ^-Laplace equation 
dXt e div <S}{yXt)dt + BdWt, te{0,T], 
Xq = x. 



(7.7) 



with Dirichlet boundary conditions and assume (C3) or d = 1. Then the associated 
Markovian semigroup Pt is weak-* mean ergodic. 

Proof. First assume (C3). We prove that (LI) is satisfied by Remark 15.41 Using 
(|7.2.ip and ([73]) we observe 



(y(C),Vx(0)de>||x||?„ 



for all y G i^(A;R'*) with y(^) e <i>(V.T(^)) for a.e. ^ G A. Thus, we may apply 
Theorem [^31 

If d = 1, then HypothesisjTl (L2) is satisfied: To see this, note that the embedding 
Wq ' (A) C (A) is compact and hence the sub- levels of ip are relatively compact 
in L^(A). Also is lower semi-continuous on M^q^'^(A) by Fatou's lemma. But (p 
is also lower semi-continuous on -/j^(A) and thus possesses compact sub-level sets: 
Indeed, let m„,u G L^(A), rt G N, such that ||u„ ~''^\\l'^(a) ~^ ^ ^^'^ 'fi{un) < «• 

V G Co°°(A;R'') I 



Using Proposition IC.2I we compute 
^{u) — sup 



/ u div V d^ 


- [ di 


J A 


J A 



sup ■ 



lim 

n— f 00 



< lim sup ■ 



/ Un div V c?^ 


- f **(«) dC 


Ja 


J A 


/ Un divv c?^ 


- f **(«) d^ 


Ja 


J A 



lim / *(Vw„) d^ < a. 

n— foo J A 

Hence we can apply Proposition 17.21 



V G 6-0°° (A; R'*) 

V G Co°°(A;R'*) 



□ 

In particular, this applies to the stochastic curve shortening flow in one space 
dimension. 

7.2.2. Neumann boundary conditions in a Riemannian manifold. 

Let M be a connected, complete Riemannian manifold of dimension d G N with 
either convex or empty boundary dM and volume element dx. For a: G M we define 
(•, and I • la; to be the Riemannian inner-product and norm on T^M. Furthermore, 
let V G C2(Af), Z := WV. Assume that /^^ e^'-^^dx < +00, set L := A + Z and 

H{dxj 



A/" 
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which is a symmetrizing probabihty measure for —L. We consider the Gclfand 
triple 

S := H\M,h) CH:= L^iM,n) C S* , 
where H^{M,fi) {u e L'^{M,n) \ /^^iVupd^i < +00}. Let {Pt} be the Feller 
semigroup associated to —L, assume that S C H is compact (for criteria cf. e.g. 
[Wan05[ Theorem 1.4.15, p. 62]) and assume that there exists a real constant Kz < 
such that 

Ric{X, X) - (VxZ,X) > -Kz\X\^, yXeTM. 
Then the (reflecting) L-difFusion process is nonexplosive. Let ^'(2:,^) = ^'(l^la;) : 
M X TM — > ]R+ with : IR ^ R+ being an Orlicz function. We further assume 

^ix,o<m\i + i), 

for some constant C > 0. Let $ :— d^'i'. An explicit example is given by the 
singular p-Laplacian nonlinearity 

for some p G [1, 2]. The nonlinear diffusion operator "yl(?i) := — div (e^$(Vu))" is 
defined rigorously as the subdifferential of the convex potential 

ip{u) := / *(x, Vu(a;))d^(a;), u e S. 
J M 

As in Section [7.2. 1[ A := d(p admits the variational characterization: V*y G A{u) 
iff \y\ e H and y{x) G ^{x, \7u{x)) for almost every x G M. In this case 

S*{'^*y,v)g= {y{x),Vv{x))^ dn{x), u,v e S. 
Jm 

Example 7.8. Consider the stochastic ^-Laplace equation with Neumann boundary 
conditions 

(7.8) ' 
Xo = X. 

Then Theorem \3. 2\ Corollarv \S.SX Theorem \4.S\ and Theorem^J^ apply, proving the 
unique existence of a (limit) solution to (17. 8p . 

Proof. The proof proceeds as before. It only remains to prove that ip is non- 
expansive with respect to J„. By |Wan05[ Proposition 2.5.1, p. 108] 

|VPtM| < e-^^*Pt|Vu| < Pt|Vu|, VueC^iM), t>0. 

Hence 



|VJ„w 



POO POO 

/ e-'Pt,n{u)dt < / e-'Pt/n\Vu\dt^Jn\Vu\, yueCl{M). 
Jo Jo 



Since {Pt} is Markovian symmetric on L'^{M,ii), by |Mal89[ Theorem 3] 

^{Jnu{x))dfi{x) < / ^{u{x))dfi{x), n-a.e. Vu e L"* {M , fi) . 
I M Jm 

Combining these two inequalities we obtain 

tf{JnU)^ / ^{\VJnU{x%)dp.{x) 

Jm 

< / $(J„|Vu|(a;)) dfi{x) 
Jm 

< / ^{\Vu\{x)) dfi{x) ip{u), Vu G 5, 
Jm 
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by density and dominated convergence. □ 

To prove ergodicity we again need to require a stronger coercivity condition, i.e. 
we assume 



(7.9) / mx,Vuix)),Vuix)}^ dfi{x)>c\\ufH, 

Jm 

for some c > and some p G [li 2). For example, this is satisfied by the standard 



p-Laplacian for p e 



1 V ^f^, 2 j . By the same proof as for Example 1 7. 71 we obtain 



Example 7.9. Consider the stochastic ^-Laplace equation with Neumann boundary 
conditions 

^^^Q^ dXtediYie^MVXt))dt + BdWt, te(o,r], 

Xo = X, 

for $ satisfying (j7.9p . Then the associated Markovian semigroup Pt is weak-* mean 
ergodic. 
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Appendix A. A deterministic existence result 



Consider the following multi-valued Cauchy problem: 

u{t)) e F{i 

u(0) = uo. 



, ju{t) + Jit, nit)) e Fit, uit)) for a.e t & [0, T], 



Here J : [0,T] x S ~¥ S* and F : [0,T] x S ^ 2^* . 

Definition A.l. A solution of (jA.l|) is a function u G W^^^^(0,r) such that 

±uit) + Jit,xit))^fit) 

a.e. on [0,r], u(0) = uq and f G L'^i[Q,T]; S*) such that f{t) G Fit,u{t)) for a.e. 
tG [0,T]. 

We need the following definition: 

Definition A. 2. An operator A : S ^ S* is said to be of type (5')+, if Un ^ u 
weakly in S and 

lim g, (yl(w„) — Aiu), u„ — u) g < 
together imply that m„ — )■ u strongly in S . 

Certainly, a strongly monotone operator A : S S* , i.e. for some c > 0: 
g, {A{u) — A{v), u — v)g > c ||u — Vw, w G S", 

is of type (5*)+. 

Consider the following conditions on J and F: 

(Jl) t n> Jit,x) is measurable for all x G S*. 

(J2) X i-> Jit, x) is demicontinuous and of type (5)+ for almost aU t G [0, T]. 
(J3) \\Jit,x)\\g, < jiit) +ci llccll^ a.e. on [0,r] for all a; G 5 with ji G ^^([o^r]), 
ci > 0. 
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(J4) g,{J{t,x),x)g > C2 ||a;||^ — c'2 \\x\\g — j2{t) a-e. on [0,T] for all a; £ 5 with 

02,4 >Oand j2 eL\[0,T]). 

(Fl) The values of F are non-empty, closed and convex. 

(F2) 1 1-^ F{t,x) is measurable for all x € S. 

(F3) GTF{t, •) is sequentially closed in 5 x 5* for almost all t £ [0,T]. 

(F4) \\Fit,x)\\s, < +C3 \\x\\s for a.e. t e [0,T] with A £ L2([0,r]), cg > 0. 

(F5) 5.(y,a;)_5 < 7(t) for a.e. i £ [0,r], all x G 5, y £ F{t,x) and some 7 £ 

Here "Gr" denotes the graph ofamulti- valued map, L^{[0,T])+ := {/ £ L^{[0,T]) \ f > 
a.e. on [0,T]} and "5^" denotes the weak Hilbert topology of S* . 

The following theorem can be found in |HP001 Theorem 1.2.40] or |PPYOO[ The- 
orem 3]: 

Theorem A. 3 (Hu-Papageorgiou-Papalini-Yannakakis). Suppose that J and F 
satisfy (J1)-(J4) and (F1)-(F5) resp. Then the set of solutions to inclusion (jA.l[) 
for initial point uq £ H is nonempty, weakly compact in W^'^{0, T) and compact in 
C{[0,T];H). 

Appendix B. Maximal monotone operators depending on a parameter 

Let S* be a separable Hilbert space, (i?, fj.) be a cr-finite measure space and 
A: E X S '^2'^' satisfy: 

(MM) For fi-a.a.. u £ E the map x ^ A{u, x) is maximal monotone with nonempty 
values. 

Definition B.l. A map A : S ^ 2^ with non-empty values is called strongly-to- 
weakly upper semi-continuous if for each x £ S and for each weakly open set V in 
S* such that A{x) C V and for all {x„} C S with Xn x strongly, we have that 
A{xn) C V for large n. 

A map A: S ^2^' with non-empty values is called weakly upper hemicontinu- 
ous if for each x,y £ S, X £ [0, 1] and for each weakly open set V in S* such that 
A{x-\-Xy) C V and for all {A„} C [0, 1] with A„ — A, we have that A{x + Xny) Q V 
for large n. 

A map A : S 2^' with non-empty values is weakly upper hemicontinuous 
whenever it is strongly-to- weakly upper semi-continuous. 
Let A be the mapping defined by: 

A:xi^{y£ L^{E, SS, /i; S*) \ y{u) £ A{u, /i-a.e. u £ E} 

Note that A{x) might be empty for some (or all) x £ L'^{E, /i; S). 

Proposition B.2. Suppose that (MM) holds. Then the graph of A is sequentially 
closed in L^{E,M,n;S) x Ll{E,M, n; S*). 

Proof. Our proof is inspired by |AD72[ proof of Proposition (3.4)]. Let x„ — a; in 
L'^{E,^,fi]S), such that [a;„,y„] £ Gi A exists for each n £ N and assume that 
Vn ^ V weakly in LF' {E , 3§ , ^i] S*) for some £ L'^{E, fi; S*). Let us extract 
a subsequence {a;„^} of {xn} such that a;„^(u) x{u) for /x-a.e. u £ E. By the 
Banach-Saks theorem, 



converges to 77 strongly in {E , , ji; S*) (and hence too). By extracting 

another subsequence, if necessary, there is a /i-nuUset N £ SS such that for all 
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Xrikiu) x{u) strongly in S*, (w) r]{u) strongly in 5* 

and A{u,-) is maximal monotone. By |HP97[ Ch. 3, Theorem 1.28], A{u,-) is 
strongly-to-weakly upper semi-continuous. Let u £ E \ N and V be any weakly 
open neighborhood of A{u, x{u)). Then 2/„^ (u) £ V for large k and hence w„^. (u) S 
coV^. As a result, r](u) — lim^ (u) e coV. Since V was chosen arbitrarily and 
A{u, x{u)) is a weakly closed, convex set (see e.g. |HP97I Ch. 3, Proposition 1.14]), 
we conclude 

77 (u) e Pi coV = A{u,x{u)). 

V weakly open 
VDA{u,x{u)) 

Since we can repeat the argument for a\\ u £ E \ N, we get that [x, 77] E Gr A. □ 

Lemma B.3. Suppose that A : S" — > 2"^ is a map with non-empty values. Then 
the following statements are equivalent. 

(i) A is maximal monotone. 

(a) A is monotone, has weakly compact and convex values and is weakly upper 
hemicontinuous. 

Proof. Follows from [ CZOSi Propositions 2.6.4 and 2.6.5]. □ 

Proposition B.4. Let {E, SS^ /i) be a complete a-finite measure .space. Suppose 
that A : E X S ^ 2^ is a map with non-empty values such that 

(1) u ^ A{u,x) is S§ -measurable for all x E S. 

(2) X A{u,x) is maximal monotone for all u E E. 

(3) supyg^(-j. \\y\\g, < f{u) -\-C \\x\\c; for ^-a.a. u E E for all x E S and some 

00, f EL\E,^^,^l)+. 

Then A : L^{E, 11; S) — > 2^ {E,^S,ti\S ) ^ maximal monotone map with non- 
empty values. 

The above conditions mimic those in |Pap92[ cond. H(A)], except for an addi- 
tional coercivity condition that is assumed therein. 



Proof of Proposition B.4\ Compare with |Pap92[ Proof of Lemma 3.3]. By con- 



dition (2) and |HP97[ Ch. 3, Theorem 1.28] x t-^ A{u,x) is strongly-to-weakly 
upper semi-continuous for all u E E. By condition (1) and |Zyg92[ Theorem 
1, Theorem 2] the map u ^ A{u,x{u)) is ^-measurable and non-empty valued 
for all x E [E , 3§ , ji] S) . Condition (3) implies that each measurable selection 
y E is contained in L^{E, fx; S*), thus A{x) is non-empty valued. Be- 

cause of condition (2), A is monotone. We are left to prove that A is weakly upper 
hemicontinuous and has weakly compact, convex values in L'^{E, fi; S*). 

We note that by condition (2) and Lemma IB.3[ for all u E E every x E 
L'^ (E , ^ , S) , A{u,x{u)) is a non-empty, convex and weakly compact set in 2"^ . 
It is easy to see that A{-, x{-)) is a convex subset of L'^{E, n;S*). As in the proof 
of Proposition IB . 2 1 we see that A{-, x{-)) is weakly closed in L'^{E, /i; S*). Weak 
compactness follows from condition (3) and the Banach-Alaoglu theorem. 

Now, let x,v E L^{E, S), A E [0,1], F be a weakly open set such that 
A{x -\- Xv) C V and {A„} C [0, 1] such that A„ — > A. Clearly, x -\- A„w ^ x -\- Xv 
strongly in L^(£', /x; S'). Suppose that "A(x-|-A„u) C F for large t^" is not valid. 
Then there exists a subsequence 7/„^ E A{x -|- Xn^v) such that ?/„^ ^ V. Passing 
to a further subsequence, by condition (3) and the Banach-Alaoglu theorem, we 
may assume that 77 weakly for some 77 E L'^{E,^,iJ.]S*). By Proposition 

IB. 21 77 E A{x + Xv) C V which gives a contradiction, since V was assumed to be 
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weakly open. Hence A is weakly upper hemicontinuous and the proof is completed 
by Lemma FB. 31 □ 



Appendix C. Vector-valued Orlicz Spaces 

Definition C.l. A function 5* : IR — > is said to be an Orlicz function, if is 
even, convex, continuous, non- decreasing and ^'(0) = 0. 

For a lower semi-continuous, proper, convex function 5* : R'' R_|_ we define 
the conjugate function by 4'*(t/) := supj.g][^d{a; • y — Then 

with equality iS y € d'i'{x) iff a; e d'i>*{y). Let {E,3§,fi) be a cr-fimte measure 
space and 4' : R'' — > R+ be a measurable function. We define 

L* := -^u : E R'', measurable, ifi(u) := J '^{u) dji < oo 

Proposition C.2. Let : R'' ^ R+ he an even, proper, lower semi- continuous, 
convex function with ^'(0) = 0. Then 



(C.l) 



sup 



1 1 y u ■ V dpi\ — 


1 d/i 






1 1 y u ■ V — 


j d^Ji 







V e L 



V bounded, /i(supp(?;)) < oo >, 



for all u G L*. 
Proof. By Young's inequality 

u-vdfi< I ■^{u)d^i+ I '^*{v) dpi, 



IE Je Je 

for all M, u : i? — > R'' measurable with w • u G L^{E, /i). Since is even we conclude 
">" in (ICn . 

Let now u G i*. Since E is cr-finite we can choose an exhaustion Em C E with 
li{Em) < OO. Let g : R'' — > R'' be a measurable selection of d'i' and define 

Then i>m,n is bounded and supported on E„i,n ■— Em n {m < n}, since subgradients 
of convex functions with full domain are locally bounded. We compute 



U ■ Vra,n dfi 



u ■ g{u) d/i 



Hence, 



/ U ■ Vm.n dfl 


Ie 


Je 





Consequently, 



dfl < sup ■ 



U ■ Vn 



dfl 



**(Wm,«) dfl 



□ 



By (•,-)2,h|2 we denote the Euclidean scalar product and norm on R"*. The 
following Proposition is a vector- valued generalization of |Mal89[ Theorem 3] . 
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Proposition C.3. Let X L^ifJ.) + L°°{fi) and T : X ^ X he a linear operator 
such that T : L^{^i) L^i^i), T : L°°(^) ^ and 

Tx < Ty, fi-a.e. VO <x<y, x,y X^ 

llTxIli <M||a;||i, ^x e L'i^i), 

||Tx||oo <M||a;||oo, Vx G 

Moreover, let -^{(_) = $(|^|2), G R'' /or an Orlicz function $ : R R+. 
The operator T acts componentwisely on vector-valued functions u G L^(/i;R'*) + 
W^), i.e. (Tu)i := Tm for i = 1, d. Then 



M 



for all u G L*(/^). 

Proof. Let C R'' be a countable, dense subset of the unit ball. Then \x\2 
s^VyeD{x,v)2- Hence, 



Tu 



M 



= sup 
2 aeD 



Tu 



^-almost everywhere, for all u G Li(^;R'^) + L°°(^;R''). Using |Mal89[ Theorem 
3] we conclude 



Tu 



Tu 



M 



dn< I 



T\u[ 



M 



□ 



References 

[AD72] H. Attouch and A. Damlamian, On multivalued evolution equations in Hilbert spaces, 

Israel J. Math. 12 (1972), 373-390. 
[AK06] G. Aubert and P. Kornprobst, Mathematical problems in image processing, partial 

differential equations and the calculus of variations, 2nd ed.. Applied mathematical 

sciences, vol. 147, Springer, Berlin-Heidelberg-New York, 2006. 
[AVCM03] F. Andreu-Vaillo, V. Caselles, and J. M. Mazon, Parabolic quasilinear equations 

minimizing linear growth junctionals, Birkhauser, Basel, 2003. 
[Bar 76] V. Barbu, Nonlinear semigroups and differential equations in Banach spaces, revised 

and enlarged ed.. Mathematics and its applications, East European series, Editura 

Academiei, Bucure§ti, NoordhofT International Publishing, Leyden, 1976. 
[Bar93] , Analysis and control of nonlinear infinite dimensional systems, Mathematics 

in science and engineering, vol. 190, Academic Press, Inc., 1993. 
[BCP70] H. Brezis, M. G. Crandall, and A. Pazy, Perturbation of nonlinear maximal monotone 

sets in Banach space. Comm. Pure Appl. Math. 23 (1970), 123-144. 
[BDP05] V. Barbu and G. Da Prato, The Neumann problem on unbounded domains ofTR,"^ and 

stochastic variational inequalities. Comm. Partial Differential Equations 30 (2005), 

no. 7-9, 1217-1248. 

[BDPIO] , Invariant measures and the Kolmogorov equation for the stochastic fast dif- 
fusion equation, Stochastic Process. Appl. 120 (2010), no. 7, 1247-1266. 

[BDPR09a] V. Barbu, G. Da Prato, and M. Rockner, Stochastic nonlinear diffusion equations 
with singular diffusivity, SIAM J. Math. Anal. 41 (2009), no. 3, 1106-1120. 

[BDPR09b] V. Barbu, G. Da Prato, and M. Rockner, Stochastic porous media equation and self- 
organized criticality. Comm. Math. Phys. 285 (2009), no. 3, 901-923. 

[BGLRll] W.-J. Beyn, B. Gess, P. Lescot, and M. Rockner, The global random attractor for a 
class of stochastic porous media equations. Comm. Partial Differential Equations 36 
(2011), no. 3, 446-469. 

[BH80] J. G. Berryman and C. J. Holland, Stability of the separable solutions for fast diffu- 
sion, Arch. Ration. Mech. Anal. 74 (1980), no. 4, 379-388. 



MULTI-VALUED, SINGULAR STOCHASTIC EVOLUTION INCLUSIONS 



33 



[BR97] A. Bensoussan and A. Ra§canu, Stochastic variational inequalities in infinite dimen- 
sional spaces, Numer. Funct. Anal. Optim. 18 (1997), no. 1—2, 19—54. 

[Bru75] R. E. Bruck, Jr., Asymptotic convergence of nonlinear contraction semigroups in 
Hilbert space, J. Funct. Anal. 18 (1975), no. 1, 15-26. 

[Cioll] I. Ciotir, Existence and uniqueness of solution for the stochastic nonlinear diffusion 
equation of plasma, Preprint (2011), 21 pp., arXiv:1103.2715. 

[CTll] I. Ciotir and J. M. Tolle, Convergence of invariant measures for singular sto- 
chastic diffusion equations, to appear in Stoch. Proc. Appl. (2011), 22 pp., 
http : //dx . doi . org/10 . 1016/j . spa . 20 11.11.011| 

[CZ05] K. C. Chang and G. Zhang, Methods in nonlinear analysis. Springer monographs in 

mathematics. Springer, Berhn-Heidelberg-New York, 2005. 

[DB93] E. Di Benedetto, Degenerate parabolic equations, Universitext, Springer, Berhn- 
Heidelberg-New York, 1993. 

[Di'a85] J. I. Di'az, Nonlinear partial differential equations and free boundaries: Elliptic equa- 
tions. Research Notes in Mathematics, vol. 106, Pitman Advanced Publ. Program, 
Boston, 1985. 

[ESvRlO] A. Es-Sarhir and M.-K. von Renesse, Ergodicity of stochastic curve shorten- 
ing flow in the plane, to appear in SIAM J. Math. Anal. (2010), 19 pp., 
http://www.mathematik.uni-muench6n.de/-r6nesse/Docs/6ssarhir_renesse .pdf 

[ESvRSlO] A. Es-Sarhir, M.-K. von Renesse, and W. Stannat, Estimates for the ergodic measure 
and polynomial stability of plane stochastic curve shortening flow. Preprint (2010), 
11 pp., arXiv:1008.1961. 

[FOT94] M. Fukushima, Y. Oshima, and M. Takeda, Dirichlet forms and symmetric Markov 
processes, de Gruyter, Berlin-New York, 1994. 

[Gesll] B. Gess, Random attractors for singular stochastic partial differential equations. 
Preprint (2011), 40 pp., arXiv:1111.0205. 

[GLRll] B. Gess, W. Liu, and M. Rockner, Random attractors for a class of stochastic partial 
differential equations driven by general additive noise, J. Differential Equations 251 
(2011), no. 4-5, 1225-1253. 

[HP97] S. Hu and N. S. Papageorgiou, Handbook of multivalued analysis: Volume I: Theory, 

Mathematics and Its Applications, vol. 419, Kluwer Academic Publishers, Dordrecht- 
Boston-London, 1997. 

[HPOO] , Handbook of multivalued analysis: Volume U: Applications, Mathematics 

and Its Applications, vol. 500, Kluwer Academic Publishers, Dordrecht-Boston- 
London, 2000. 

[KPSIO] T. Komorowski, S. Peszat, and T. Szarek, On ergodicity of some Markov processes, 
Ann. Probab. 38 (2010), no. 4, 1401-1443. 

[KR79] N. V. Krylov and B. L. Rozovskii, Stochastic evolution equations. Current problems 
in mathematics, vol. 14, Akad. Nauk SSSR, Vsesoyuz. Inst. Nauchn. i Tekhn. Infor- 
matsii, Moscow, 1979, pp. 71-147. 

[Lad67] O. A. Ladyzenskaja, New equations for the description of the motions of viscous 
incompressible fluids, and global solvability for their boundary value problems, (Rus- 
sian), Trudy Mat. Inst. Steklov 102 (1967), 85-104. 

[Liu09] W. Liu, On the stochastic p-Laplace equation, J. Math. Anal. Appl. 360 (2009), no. 2, 
737-751. 

[LiulO] , Invariance of subspaces under the solution flow of SPDE, Infin. Dimens. 

Anal. Quantum Probab. Relat. Top. 13 (2010), no. 1, 87-98. 
[Liull] , Ergodicity of transition semigroups for stochastic fast diffusion equations. 

Front. Math. China 6 (2011), no. 3, 449-472. 
[LTll] W. Liu and J. M. Tolle, Existence and uniqueness of invariant measures for stochastic 

evolution equations with weakly dissipative drifts, Electr. Comm. Probab. 16 (2011), 

447-457. 

[Mal89] L. Maligranda, Some remarks on Orlicz's interpolation theorem, Studia Math. 95 
(1989), no. 1, 43-58. 

[Pap92] N. S. Papageorgiou, On the set of solutions of a class of nonlinear evolution inclu- 
sions, Kodai Math. J. 15 (1992), no. 3, 387-402. 

[Par75] E. Pardoux, Equations aux derivees partielles stochastiques de type monotone, 
Seminaire sur les Equations aux Derivees Partielles (1974—1975), III, Exp. No. 2,, 
College de France, Paris, 1975, p. 10. 

[Phe89] R. R. Phelps, Convex functions, monotone operators and differentiability. Lecture 
Notes in Mathematics, vol. 1364, Springer- Verlag, Berlin-Heidelberg-New York, 
1989, DOI: 10.1007/BFb0089089. 



34 

[PPYOO] 
[PR07] 

[Ra§81] 

[Kas82] 

[Ra§96] 

[Ros95] 

[RRW07] 

[RW98] 

[RW08] 
[Sho97] 
[Stell] 
[Vaz06] 

[Wan05] 
[Zyg92] 



B. GESS AND J. M. TOLLE 



N. S. Papageorgiou, F. Papalini, and N. Yannakakis, Nonmonotone, nonlinear evo- 
lution inclusions, Math. Comput. Modelling 32 (2000), no. 11-13, 1345-1365. 
C. Prcvot and M. Rockner, A concise course on stochastic partial differential equa- 
tions, Lecture Notes in Mathematics, vol. 1905, Springer- Verlag, Berlin— Heidelberg- 
New York, 2007. 

A. Ra§canu, Existence for a class of stochastic parabolic variational inequalities, 
Stochastics 5 (1981), no. 3, 201-239. 

, On some stochastic parabolic variational inequalities. Nonlinear Anal. 6 

(1982), no. 1, 75 91. 

, Deterministic and stochastic differential equations in Hilbert spaces involving 

multivalued maximal monotone operators, Panamer. Math. J. 6 (1996), 83-119. 
Ph. Rosenan, Fast and super fast diffusion processes, Phys. Rev. Lett. 74 (1995), 
no. 11, 7-14. 

J. Ren, M. Rockner, and F.-Y. Wang, Stochastic generalized porous media and fast 

diffusion equations, J. Differential Equations 238 (2007), no. 1, 118-152. 

R. T. Rockafellar and R. J.-B. Wets, Variational analysis, Grundlehren der math- 

ematischen Wissenschaften, vol. 317, Springer- Verlag, Berlin— Heidelberg— New York, 

1998. 

M. Rockner and F.-Y. Wang, Non-monotone stochastic generalized porous media 
equations, J. Differential Equations 245 (2008), no. 12, 3898-3935. 
R. E. Showalter, Monotone operators in Bariaeh space and nonlinear partial differ- 
ential equations, Alathematical surveys and monographs, Amer. Math. Soc, 1997. 
M. Stephan, Yosida approximations for multivalued stochastic differential equations 
on Banach spaces via a Gelfand triple, Preprint (2011), 30 pp. 

J. L. Vazquez, Smoothing and decay estimates for nonlinear diffusion equations: 
equations of porous medium type, Oxford lecture series in mathematics and its appli- 
cations, vol. 33, Oxford University Press, Oxford, 2006. 

F.-Y. Wang, Functional inequalities, Markov semigroups and spectral theory. Science 
Press, Beijing-New York, 2005. 

W. Zygmunt, On superpositionally measurable semi-Caratheodory multif unctions. 
Comment. Math. Univ. Carolin. 33 (1992), no. 1, 73-77. 



